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Abstract

Benford’s law is widely used as a diagnostic tool in applied contexts, relying
on the distribution of leading digits to assess conformity with expected logarithmic
frequencies. While its theoretical properties are well understood for scale-invariant
mechanisms and exponential-type models, less attention has been devoted to the
combined role of distributional asymmetry and tail behaviour in data-generating
processes.

This paper studies Benford compliance under the Skewed Generalized Error

Distribution (SGED). We assess conformity using classical goodness-of-fit measures

*Corresponding author



(chi-square and MAD) and a multivariate inferential strategy based on the Non-
Parametric Combination (NPC) methodology.

Monte Carlo evidence illustrates how skewness and tails interact in shaping digit
frequencies and highlights systematic differences between univariate diagnostics and
NPC-based global inference. The results support a model-aware interpretation of
digit laws and provide practical guidance for rigorous Benford assessment in skewed

and heavy-tailed environments.

Keywords: Benford’s law; Skewed generalized error distribution; Non-parametric com-

bination methodology (NPC); Monte Carlo design.

1 Introduction

Benford’s law describes the logarithmic distribution of leading digits observed in many
naturally occurring numerical datasets. Since the seminal contributions of Benford| (1938);
Newcomb (1881)), this law has attracted sustained interest both as a theoretical regularity
and as a practical diagnostic tool. In applied settings, deviations from Benford frequen-
cies are often interpreted as potential indicators of data manipulation, recording errors,
or structural anomalies, and the law has been widely employed in auditing, accounting,
forensic analysis, and financial applications (Nigrini, 1996; Berger and Hill, 2011; |Ausloos
et al., 2021} /Abrantes-Metz et al., 2011]).

Despite its claimed universality, compliance with Benford’s law depends on a num-
ber of elements underlying the phenomenon being studied. Its validity depends on the
underlying data-generating mechanism, and substantial departures may arise even in the
absence of data quality issues (for example the amount of data Ausloos et al., |2021)).
Understanding how distributional features such as skewness, tail behaviour, and param-
eterisation affect digit frequencies is therefore essential for a correct statistical evaluation
of Benford compliance (Hill, [1995; Formann, 2010)).

Theoretical results show that Benford compliance emerges only under specific con-
ditions, such as scale invariance or suitable distributional mixtures (Hill, [1995)), and
systematic deviations may reflect legitimate distributional properties rather than data

irregularities. In modern applications involving financial, economic, and scientific data,



where skewness and heavy tails are pervasive, relying on Benford diagnostics without ac-
counting for the underlying distributional structure may lead to misleading conclusions
(Robledo, 2011]).

To address these issues, this paper focuses on the Skewed Generalized Error Distri-

bution (SGED), a flexible class of models that allows separate control of tail thickness
and skewness, hence incorporating some of the distribution characteristics that may af-
fect compliance. SGED-type distributions generalise the Gaussian case and encompass a
wide range of shapes, making them particularly suitable for modelling asymmetric and
heavy-tailed data observed in practice (Theodossiou, (1998, 2015]).
We adopt a two—piece construction in the spirit of the Fernandez—Steel transformation
(Fernandez and Steel, |1998), which introduces skewness through asymmetric scaling of a
standardised symmetric distribution. This approach preserves the interpretability of pa-
rameters and provides a coherent framework for simulation and inference. The Gaussian
distribution emerges as a special and limiting case, thereby offering a natural reference
point for assessing the impact of skewness and tail behaviour on Benford compliance.

The three components of the paper are therefore directly connected. Benford’s law
provides the digit benchmark, the SGED family supplies a controlled way to vary skewness
and tail thickness, and the non-parametric combination (NPC) framework gives a joint
inferential device for assessing several dependent digit Benford’s laws simultaneously.
This link is important because a dataset may appear approximately Benford under one
marginal digit rule while failing once the dependence among first, second, and joint first-
two digits is evaluated.

Therefore, the main contributions of the paper are as follows:

1. We provide a unified analysis of Benford’s law under SGED models constructed via

two—piece transformations, with separate control of tail thickness and skewness.

2. We adopt classical descriptive diagnostics (mean absolute deviation, MAD) and
compare them with an inferential permutation-based global procedure built from

synchronised chi-square tests across digit rules, combined via Fisher’s method.

3. We implement a simulation framework based on standardised two—piece construc-
tions, ensuring clear interpretation of parameters and reliable Monte Carlo assess-

ment of digit distributions.



4. We provide a systematic comparison and ranking of SGED scenarios, including
sign-split (positive and negative tail) diagnostics, showing how skewness and tail

behavior jointly determine Benford compliance.

Relative to classical goodness-of-fit applications, the novelty lies in treating deviations
from Benford’s law as consequences of an explicit shape-controlled data-generating model
rather than only as empirical discrepancies. Relative to recent model-based approaches,
the paper isolates the joint roles of tail thickness and skewness through a standardised
SGED design. Relative to existing permutation approaches, it applies synchronised re-
sampling and Fisher-NPC aggregation to dependent digit rules, so that the inferential
conclusion concerns global Benford conformity rather than separate marginal tests.

The remainder of the paper is organised as follows. Section [2| contains an overview
of the literature; Section [3| reviews Benford’s law and standard diagnostics; Section
introduces the SGED framework; Section [5] details the NPC methodology, and Section [6]
describes the Monte Carlo design. The results and conclusions are reported in Section
and Section[§] The former reports the numerical results and implications, while the latter

contains the conclusions and contribution statement.

2 Literature Review

The literature on Benford’s law is vast and interdisciplinary, spanning mathematics,
statistics, economics, finance, and forensic sciences. Early theoretical contributions es-
tablished the mathematical foundations of the logarithmic law and its connection with
scale invariance, base invariance, and multiplicative processes. In particular, [Hill (1995])
provides a probabilistic derivation showing how Benford-type behaviour may arise from
suitable stochastic constructions, while comprehensive treatments such as those discussed
in [Berger and Hill (2015) emphasise the role of invariance principles and mixtures of dis-
tributions in generating Benford-conforming data.

On the applied side, Benford’s law has been widely used as a diagnostic tool for
data quality assessment (Diekmann, |2007), anomaly detection (Riccioni and Cerqueti,
2018), and electoral studies (Pericchi and Torres, 2011). In these contexts, conformity
to the logarithmic benchmark is often interpreted as an indicator of regularity, whereas

systematic deviations may signal manipulation or structural irregularities (Nigrini, (1996,



2012; Durtschi et al.|, [2004). However, it is well recognised that deviations from Benford’s
law may also reflect intrinsic characteristics of the underlying data-generating process
rather than data contamination (Burgos and Santos, 2021).

From a statistical perspective, empirical assessments of Benford compliance are typ-
ically based on univariate goodness-of-fit measures, such as the chi-square statistic, the
Kolmogorov—Smirnov distance, or the mean absolute deviation (MAD). While these tools
are widely used, their inferential interpretation may be problematic, especially in finite
samples or when digit frequencies exhibit dependence across positions. Moreover, clas-
sical approaches focus on marginal distributions and may fail to capture more complex
patterns of deviation. Recent contributions have therefore emphasised the need for a
more rigorous inferential framework, grounded in explicit probabilistic modelling of the
Benford hypothesis (Barabesi et al., 2022, 2023).

A parallel strand of the literature highlights that Benford’s law is not universal, but
depends on specific structural properties of the generating distribution. In particular,
support, tail behaviour, and dispersion play a crucial role. For example, Formann (2010
shows that distributions that are sufficiently spread over several orders of magnitude and
exhibit right-skewness tend to display closer agreement with the Benford distribution,
whereas bounded or highly concentrated distributions often lead to systematic departures.

Despite these advances, comparatively less attention has been devoted to flexible
distributional families that allow tail thickness and asymmetry to be modelled jointly. In
this context, the Generalized Error Distribution (GED) provides a tractable benchmark
(McDonald and Neweyl, [1988: |Nelson) [1991)).

The Skewed Generalized Error Distribution extends the GED by introducing an ex-
plicit skewness parameter. Applications in financial econometrics include Theodossiou
(1998)), Lee et al.| (2008)) and (Cerqueti et al. (2020)). From a methodological standpoint,
the SGED allows disentangling the effects of skewness and tail thickness on digit distri-
butions.

A further issue concerns inference. When multiple digit rules are considered jointly,
permutation-based approaches and nonparametric combination methods provide a co-
herent inferential framework (Pesarin, 2001; Pesarin and Salmaso|, |2010; |Giacalone, 2022;
Bonnini et al.| [2024b, [2025)).

Recent contributions have also clarified the practical scope and theoretical properties



of permutation testing, including broad methodological reviews (Bonnini et al., [2024a),
applications to experimental data (Holt and Sullivan| [2023)), and minimax optimality

results (Kim et al., |2022).

3 Benford’s law and Goodness-of-Fit Metrics

3.1 The Newcomb—Benford Law

Let D be the first significant digit of a non-zero random variable X. The Newcomb—

Benford Law (NBL) states that

1
Pr(D:d)zlogw(l—l—E), d=1,...,9.

Originally observed by Newcomb| (1881)) and later rediscovered and formalised by
Benford| (1938)), this logarithmic distribution describes a regularity in the leading digits
of many empirical datasets arising from natural, social, and economic phenomena. Rather
than being uniformly distributed, smaller digits occur with substantially higher frequency.

From a theoretical perspective, Benford’s law is closely related to scale invariance
and base invariance properties of distributions. If a random variable is scale invariant,
meaning that its distribution is unchanged under multiplication by positive constants,
then its leading digits necessarily follow the Benford distribution (Pinkham)| |1961; Hill,
1995). Benford’s law can also emerge as a limit under mixtures and aggregation of
distributions (Hill, [1995), and under multiplicative processes.

Benford’s law is not universal. Its validity depends critically on the underlying data-
generating mechanism, the support of the distribution, and the presence of truncation,
rounding, or structural constraints. Datasets confined to narrow ranges or characterised
by strong scale anchors often deviate substantially from Benford behavior (Durtschi et al.,
2004; Rauch et al,[2011)). Consequently, understanding why Benford’s law holds (or fails)

requires careful consideration of distributional shape, tail behavior, and skewness.

3.2 Digit extraction rules and multiple targets

Digit laws can be formulated for several targets beyond the first digit. This paper focuses

on three commonly used rules:



e First digit D; € {1,...,9};
e Second digit D, € {0,...,9};
e First-two digits Dy2 € {10,...,99} (joint first and second digits).

For a nonzero real-valued observation X, let Y = |X| and define

m(Y) = |log,, Y], Uly)= % € [1,10).

Then the first digit is D; = [U(Y")| and the second digit is Dy = [10U(Y')] —10D;. The
first-two digits can be computed as Do = 10D 4+ Ds.

Benford probabilities for Dy and D15 are:

1

and

9
1
k=1

The multivariate character of digit laws becomes apparent when multiple rules are
analysed jointly. For example, in a given sample the digit counts for D; and D, are
not independent because both derive from the same underlying observations. This de-

pendence is one of the reasons why a global multivariate inferential framework (NPC) is

helpful.

3.3 Goodness-of-fit diagnostics

Let p = (p1,...,p9) denote the empirical distribution of the first digit and p® the Ben-
ford probabilities. Compliance can be framed as measuring distance between p and p®.
Distance-based diagnostics provide quantitative summaries and support model ranking
and screening (Nigrini, 2012; |[Durtschi et al., 2004).

However, the behaviour of distance measures depends on sample size and on the
multinomial dependence structure of digit counts. This motivates comparing descriptive
indices with inferential tests.

The Pearson chi-square statistic, given sample size n and observed first digit counts



Od, is

9
2~ (04— Ey)?
X - Z Ed )

d=1

1
E; =n logy, (1 + c_l> .

Under exact Benford conformity, x? is asymptotically x2, for the first digit. The test is
widely used in auditing and forensic contexts (Nigrini, |1996, [2012).

Yet, it is highly sensitive to sample size and ignores ordinal structure and joint be-
haviour across digit rules. In large samples, even tiny deviations lead to rejection; in
small samples, power may be low (Goodman)|, [1954; Leemis et al., [2000). This motivates
complementing y? with descriptive distances and multivariate permutation inference.

The mean absolute deviation (MAD), for the first digit, is defined as

9

1 R 1
d=1
. Oq4
Pa=—-

n

MAD provides a stable descriptive assessment across different sample sizes and is widely
used in practice (Nigrini, 1999, 2012; Cerqueti and Maggi, [2025). However, it lacks a
natural sampling distribution under H, and does not support coherent joint inference
across multiple digit rules or datasets.

In practice, digit laws are routinely applied to: (i) multiple digit rules; (ii) multiple
datasets; or (iii) multiple subgroups (e.g., country-by-country or firm-by-firm auditing).
In such settings, analysts need a global decision while preserving dependence and avoiding
multiple-testing inflation. This is precisely the domain where permutation-based multi-
variate methods (NPC) provide a natural solution (Pesarin| |2001; Pesarin and Salmaso,

2010)).



4 SGED: Definition, Properties, and Benford Impli-
cations

The Skewed Generalized Error Distribution provides a flexible family for modelling de-
partures from Gaussianity through separate control of tail thickness and skewness.
Intuitively, the tail parameter determines how widely observations spread across orders
of magnitude, which is central for Benford behavior because leading digits are governed
by logarithmic scale coverage. The skewness parameter determines whether this spread is
balanced or concentrated more strongly on one side of the distribution, thereby creating

direction-specific departures in positive and negative tails.

4.1 The Generalized Error Distribution

The Generalized Error Distribution (GED), also known as the exponential power distri-
bution, provides a flexible parametric family for modelling symmetric continuous data
with varying tail thickness (Subbotin, 1923} |Box, 1953; Zeckhauser and Thompsonl, |1970;
Taguchi, (1974; West, [1987; Mineo, [1989)).

Key special cases illustrate the family’s flexibility:

v = 2: reduces to the Gaussian (normal) distribution

v = 1: yields the Laplace (double exponential) distribution

v < 2: produces heavier-than-Gaussian tails, capturing extreme values

v > 2: produces lighter-than-Gaussian tails with sharper central peaks

In its location—scale—shape parameterization, the GED density is defined as

"”‘“\ } ER, 1)

g

14

faep(z; p,o,v) = W exp{—

where 1 € R is a location parameter, ¢ > 0 is a scale parameter, v > 0 controls tail
thickness, and I'(-) denotes the Gamma function.

This nesting property makes the GED a natural benchmark family for studying de-
partures from normality in a controlled and interpretable way (Nelson) 1991} |Fernandez

and Steel, 1998]).



For inferential and simulation purposes, it is often convenient to work with a stan-
dardized GED having zero mean and unit variance. Let Z ~ GED(0, 1,v). The variance

of Z is given b
o TG o)
- T/v)

Var(Z)
A standardized GED variable with unit variance can therefore be obtained as

B Z
VIG/v)/T(A/v)

*

This explicit normalization is crucial when comparing digit distributions across different
values of v, as it isolates the effect of tail thickness from scale effects (Cerqueti et al.,
2020; (Giacalone] 2022)).

From the perspective of Benford’s law, the GED provides an analytically tractable
yet highly flexible family for investigating how tail behaviour influences leading-digit
frequencies. Scale invariance plays a dominant role in Benford compliance, deviations
from Gaussianity induced by heavy or light tails can generate systematic compliance
with the law (Hill, 1995 Leemis et al., |2000; Berger and Hill, 2015)).

Figure [I] illustrates the shape of standardised GED densities for selected values of v,
highlighting the progressive transition from heavy-tailed to light-tailed regimes and the

Gaussian benchmark at v = 2.

Standardized GED densities for different values of v
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Figure 1: Shapes of standardized Generalized Error Distributions (eq. for selected
values of the tail parameter v € 0.8,1,2,4. Smaller values of v produce heavier tails,
while larger values lead to lighter-than-Gaussian behavior.
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4.2 Two—piece skewing and the SGED

We introduce skewness via the Fernandez—Steel two-piece construction (Fernandez and
Steel, 1998)). Let f(- | ¥) be a standardised symmetric base density (Normal, GED with
parameter v, or Student-t). Let & > 0 be the skewness parameter, with £ = 1 yielding

symmetry. Then

2
§+¢

Fz ] 60) = e oy +1(319) 116, )

where H(z) = (1 + sign(z))/2.

The construction rescales the left and right sides of the mode differently while pre-
serving continuity at 0 and keeping the tail functional form determined by f(- | ¢). When
f is GED with shape v, the resulting skewed density is the SGED used throughout.

A critical point for meaningful Benford comparisons is to avoid confounding skewness
with unintended shifts in mean and variance. Under eq. , mean and variance depend
on &; one therefore re-standardise.

Let
MT:2/ " f(z | V) dx
0

be the absolute moment of the positive half. For standardised bases, My = 1. Then
(Wiirtz et al., [2006)

pe =M (£—¢7Y),  oi=(My— M7) (£ +E77) +2M] — M. (4)

Standardised innovations being Z* = (Z — p¢)/o¢ so that E(Z*) = 0 and V(Z*) = 1 for
every &.

The Gaussian model arises as the central benchmark when v = 2 and £ = 1. Holding
¢ = 1 and varying v isolates tail effects; holding v = 2 and varying £ isolates skew-
ness. This “Gaussian bridge” is essential for interpreting Benford compliance, because
fixed-scale Gaussians are generally not Benford, while suitable scale mixtures can be
approximately Benford, as emphasised in the classical literature discussed in the Intro-
duction.

The simulation proceeds in four steps:
1. Start from a standardised symmetric base Z (Normal, standardised GED, or stan-

11



dardised Student-t).
2. Apply two—piece skewing with parameter £ via left /right scaling.
3. Re-standardize to Z* using eq. ().

4. Build location—scale observations via X = pu + 0Z* — with (i, o) fixed in Monte

Carlo so that digit effects reflect only shape.

This construction matches widely used implementations in computational finance
and ensures that comparisons across (£, ) are not confounded by accidental changes

in mean /variance, see Figure .

Standardized two-piece skew Normal (PDF)
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Figure 2: Standardized two-piece (Fernandez—Steel) skew Normal (GED with v = 2):

PDF for ¢ € {1.2,1,0.8,0.6,0.4} using eq. . The two—piece skewing is applied to a
standardized symmetric base and then re-standardized to mean 0 and variance 1.

5 Permutation-Based Inference and the NPC Frame-
work

(Classical assessments of Benford conformity are typically based on univariate goodness-
of-fit statistics and asymptotic reference distributions. While effective in simple settings,
such approaches may be inadequate when multiple digit-based diagnostics are considered

jointly or when deviations from Benford’s law are weak but structurally coherent. We

12



therefore adopt a permutation-based inferential framework grounded in the Nonparamet-
ric Combination (NPC) methodology.

Let 71, ..., 7 denote a collection of digit-based diagnostics (e.g., x> and MAD for first
digit, second digit, and first-two digits). Each statistic 7; induces a partial hypothesis

Hyj :  no deviation from Benford’s law according to 7.

The global null is Hy = N7_, Hy;.

In Benford testing, the data induce multinomial digit counts. Under Hj, the dis-
tribution of digit counts is fully specified by Benford probabilities. This permits two
equivalent resampling strategies: (i) Permutation/exchangeability constructions based on
label permutations in suitable contrast representations; (ii) Parametric bootstrap under
Hy (multinomial resampling from Benford probabilities), which yields the same reference
distribution for digit-count-based statistics.

In our implementation, for each configuration, we generate B Monte Carlo replicates
under Hj to obtain the reference distribution of each partial statistic. The same replicate
index is shared across all partial statistics so that dependence among partial tests is
preserved.

Given partial p-values pi,...,ps, we adopt Fisher’s combination:

J
Txpo = =2 _log(p;),

j=1

and evaluate its null distribution using the same resampling replicates, consistent with
the NPC prescription (Pesarin, [2001}; |Pesarin and Salmaso, 2010, 2012)). The procedure is
advantageous because it delivers a single global decision while maintaining finite-sample
validity; it preserves the dependence structure across digit rules because resampling is

joint; it supports ranking of models/configurations by global evidence against Benford.

6 Monte Carlo Design

The empirical results presented below are obtained from a carefully parameterised Monte

Carlo simulation pipeline, which we describe below.

13



6.1 Parameter grid and replication scheme

Throughout the simulation we fix (¢, 0) = (0,1) and generate SGED samples with the

fGarch: :rsged() implementation in R. The evaluated grid is

(&,v) € {0.25,0.50,...,5.00} x {0.25,0.50, .. .,5.00},

which yields 400 parameter configurations. For each grid cell we simulate R = 1000
independent samples of size n = 10,000 and, for each inferential calculation, we use B =
500 synchronised permutation resamples under Benford’s law compliance. The resulting
archive therefore contains 400,000 Monte Carlo replications. The Gaussian benchmark
remains the symmetric case (§,v) = (1,2), but the expanded design allows us to study a
much broader continuum of tail regimes and asymmetry levels than the earlier pilot grids.
The sample size n = 10,000 was chosen to make digit-frequency discrepancies visible
without relying only on asymptotic approximations, while R = 1000 replications per
cell stabilise the reported means, medians, and rejection rates over the 400-configuration
grid. The choice B = 500 provides a fine enough permutation resolution for ranking
and rejection summaries while keeping the full Monte Carlo experiment computationally

feasible. A summary of the parameters used is presented in Table

Table 1: SGED Monte Carlo design.

Component Specification

Shape grid v {0.25,0.50,...,5.00}
Skewness grid £ {0.25,0.50,...,5.00}
Configurations 20 x 20 = 400
Sample size per replication n = 10,000

Monte Carlo replications per cell R = 1000
Permutation resamples per test B = 500

Digit rules Dy, Dy, Dqs
Contexts combined, positive-only, negative-only
Location/scale (u,0) =(0,1)

6.2 Digit rules, sign contexts, and descriptive diagnostics

For each simulated sample we extract digits from absolute magnitudes, and we repeat the
same workflow on the positive subsample X, = {X; : X; > 0} and on the magnitudes of

the negative subsample | X_| = {|X;| : X; < 0}. For each context and each digit rule we

14



compute Pearson’s chi-square statistic, its asymptotic reference p-value, a permutation
p-value calibrated under the Benford multinomial null, and MAD. This design supports
three complementary views of conformity: classical goodness-of-fit, finite-sample permu-

tation calibration, and descriptive distance.

6.3 Implemented NPC statistic

The generic NPC framework described in Section [5] is specialised in the current imple-
mentation to the three dependence-linked chi-square tests associated with Dy, Ds, and
D1s. If p1, po, and pi2 denote the synchronized permutation p-values for these three digit

rules, the implemented global statistic is

Txec = —2{log(p1) + log(pz) + log(p12)} -

The permutation reference set is generated from a joint Benford multinomial table on
{10,...,99} and then marginalised to the first- and second-digit counts, so the natural
dependence between digit rules is preserved by construction. MAD is reported through-
out the manuscript as a complementary descriptive statistic and as a separate ranking
criterion, but it is not used as a partial input to the implemented NPC statistic in this
study.

Across the R = 1000 replications of each cell, chi-square and MAD are summarised
by their means, while permutation and NPC p-values are summarised by medians and
rejection rates.

Consider K configurations (models/scenarios/datasets), indexed by k = 1,..., K.
For each configuration k& we observe a sample {Xi(k) *.. Let m € M denote the digit
position or digit rule under investigation (e.g., m = 1 for first digit, m = 2 for second
digit, m = 12 for first-two digits).

Let DZ(I:BL € D,, be the extracted digit category from Xi(k) at rule m, with D; =
{1,...,9} for the first digit and Dy = {0, ..., 9} for the second digit. Denote by 0&'2@ the

observed counts and by

the empirical digit probabilities.
Let de,m denote the Benford probabilities for digit rule m. For the first digit, de,1 =

15



log,o(1+1/d) ford=1,...,9.
For each configuration k£ and each digit rule m € M, define a partial test statistic 7T, 7%]{ )
measuring deviation from Benford’s law. In this paper we applied it to the chi-square

statistic.

2
o) — nkdem>
T(k) , = § ( ’ ’ )
m7X

B
n
deDm, kpd’m

J
j=1

In general, the NPC procedure can accommodate a vector of J partial statistics {Tj(k)
where j may index both the digit rule and the discrepancy measure.

For each configuration k we generate a permutation distribution under Benford con-
formity. Let m, denote the b-th random permutation, b =1, ..., B. The permutation acts
on the digit labels by reallocating observed digits to Benford categories in a way consis-
tent with the null. Operationally, one can implement this by resampling digits from the
Benford multinomial model (parametric bootstrap under Hy), or by permuting a suitable
set of contrast signs when inference is built on symmetry-based transformations. There-
fore in our implementation, the permutation framework is equivalent to a parametric
bootstrap under the Benford multinomial null. In all cases, the same permutation index
b is applied jointly across all partial statistics within configuration k, thereby preserving
dependence across digit positions.

Let Tj(? denote the partial statistic computed under permutation 7,. The one-sided

partial permutation p-value is

k
W -

B k k
1+ Zb:l H(jjj(,b) Z 7}{0%)5)
B+1 '

The associated permutation empirical CDF is

- 1
() — (0
V@) = =>1(1) <)

b=1

Let pt*®) = (pgk), e ,pf,k)) be the vector of partial p-values. The global NPC statistic

for configuration % is computed via a combining function ¢(-) applied to p*). In this

16



paper we use Fisher, as mentioned earlier.

T(k —2 Z log( )

To obtain the permutation distribution of the global statistic, we compute the same

combination on the permutation partial p-values {pgki,)} generated under ,:
(k) _ (k) (k)
TNPC,b = ¢<p1, R >pr)
where

B k k
1 + Zb’ZI ]I(j_j](,b/) 2 7;(7b)>
B+1 '

(k) _
Pip =

The global NPC p-value is then

(k) 1 + Zb 1 < NPC,b = > TIETP)C obs)
Pnpc = B + 1 .

To compare configurations, we define a ranking score that increases with deviation
from Benford. A natural choice is either the global statistic Tlg;)c’obs or its global p-value
pl(\?llc (smaller p indicates stronger deviation). Accordingly, the NPC-based conformity

ranking can be defined as

k
ki <k <= plpt > pNses
so that configurations with larger NPC p-values are deemed closer to Benford conformity.

Panel [1| presents a summary of the steps taken to implement the NPC part.

7 Results and discussion

Two regularities emerge from the 20 x 20 SGED experiment. Benford conformity is
concentrated in a narrow neighborhood of symmetry and very heavy tails; and the second-
digit rule is materially more tolerant than either the first digit or the joint first-two-digit
rule, whereas the Fisher-NPC aggregation is more selective than any marginal diagnostic.

The intuition is that very heavy tails spread observations over several logarithmic

17



Algorithm 1 NPC test and ranking for multi-configuration Benford conformity

Nk

Require: Configurations & = 1,..., K with samples {Xi(k) 5 digit rules M; partial
statistics {7}}7_,; permutations B; combining function ¢

Ensure: Global NPC p-values {pl(\?llc} and ranking of configurations

1: for k=1,..., K do

2: Extract digits Df’:}l for all m € M and compute observed partial statistics
{T(k) J

j,0bsS j=1

3: forb=1,...,Bdo

4: Generate permutation 7, under Hy (Benford conformity) and compute partial
statistics {Tj(,lz) |
5: end for
6: Compute partial permutation p-values pg-k) from {73{?}521
- k 3 k
7: Compute global statistic TIEIP)C,obs = gb(pg ), . ,pf] ))
8: forb=1,...,B do
9: Compute pgkb) using the permutation reference set and set TISIICP)C,Z; =
(k) (k)
¢(p1,b> e va,b)
10: end for . “ “
(k) 1 HTpe > Trc obs)
11: Compute global p-value pype = R
12: end for

13: Rank configurations by decreasing pl(\ff))c (higher = closer to Benford)

orders of magnitude, making leading digits less tied to a single local scale. Skewness
disrupts this mechanism asymmetrically by stretching one tail more than the other, so
the positive and negative components can show different Benford behavior. The NPC
region is narrower because it requires simultaneous adequacy of first-digit, second-digit,
and first-two-digit evidence, rather than accepting conformity under whichever marginal

rule is most permissive.

7.1 Metric-specific rankings

Tables [2] 3] and [] compare the top five configurations under the chi-square and MAD
criteria for each digit rule. Across all three digit rules, the ranking surfaces are dominated
by symmetric or near-symmetric configurations with small values of v. For the first
digit, both criteria are led by (£, v) = (1.00,0.25) and (1.00,0.50). For the second digit,
the same neighborhood remains dominant, but mild departures from symmetry remain
competitive. For the joint rule, the concentration around symmetry reappears, with
admissible configurations essentially restricted to the heavy-tailed left end of the grid.

The ranking comparison tables therefore point to a common geometric picture: Benford
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conformity is best when the SGED is both highly heavy-tailed and close to symmetric,

and it deteriorates sharply once either v increases or |§ — 1| becomes substantial.

Table 2: Top 5 parameter combinations for first: Chi-Square (left) versus MAD ranking
(right). Lower values indicate better Benford compliance. Configurations ranked inde-
pendently.

Chi-Square Ranking MAD Ranking
(57 V) X%nean (é" V) MADmean
(1.00,0.25) 8.25 (1.00,0.25)  0.00239
(1.00,0.50) 8.64 (1.00,0.50)  0.00246
(1.00,0.75) 20.82 (1.00,0.75)  0.00403
(1.25,0.75) 43.73 (1.25,1.00)  0.00633
(1.25,1.00) 50.76 (1.25,0.75)  0.00652

Table 3: Top 5 parameter combinations for second: Chi-Square (left) versus MAD
ranking (right). Lower values indicate better Benford compliance. Configurations ranked
independently.

Chi-Square Ranking MAD Ranking
& v) X?nean (& v) MADmean
(1.00,0.50) 8.96 (1.00,0.50)  0.00239
(1.00,0.25) 9.13 (1.00,0.75)  0.00241
(1.00,0.75) 9.13 (1.00,0.25)  0.00242
(0.75,1.00) 9.35 (0.75,1.00)  0.00243
(0.75,0.75) 9.59 (0.75,0.75)  0.00246

Table 4: Top 5 parameter combinations for joint: Chi-Square (left) versus MAD ranking
(right). Lower values indicate better Benford compliance. Configurations ranked inde-
pendently.

Chi-Square Ranking MAD Ranking
(57 V) X12nean (ga V) MADmean
(1.00,0.25) 89.10 (1.00,0.25)  0.00079
(1.00,0.50) 89.63 (1.00,0.50)  0.00080
(1.00,0.75) 104.17 (1.00,0.75)  0.00087
(1.25,0.75) 136.44 (1.25,0.75)  0.00105
(1.25,1.00) 145.54 (1.25,1.00)  0.00105

7.2 Global NPC ranking

The global Fisher-NPC ranking is even more concentrated, see Table f| The top two
configurations, (§,v) = (1.00,0.25) and (1.00, 0.50), achieve median global p-values 0.4840
and 0.4601, with empirical rejection rates of only 6.1% and 7.2%, respectively. The third-
best configuration, (1.00,0.75), already falls to a median NPC p-value of 0.0339 and a
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rejection rate of 56.9%. Beyond this point the ranking collapses to the permutation floor.
In other words, once the three digit rules are assessed jointly, the empirical Benford

region becomes extremely localized around symmetry and the most heavy-tailed part of

the explored SGED family.

Table 5: Top 10 parameter combinations by NPC global p-value (median across repeti-
tions). Higher p-value = better Benford compliance. NPC combines first/second /joint
digit tests via Fisher’s method with dependence-preserving permutations. Parameters: £
(skewness), v (shape).

Rank ¢ v pNPC Reject Rate
1 1.00 0.25 0.4840 0.061

2 1.00 0.50 0.4601 0.072
3 1.00 0.75 0.0339 0.569
4 0.25 0.25 0.0020 1.000
5 0.50 0.25 0.0020 1.000
6 0.75 0.25 0.0020 1.000
7 1.25 0.25 0.0020 1.000
8 1.50 0.25 0.0020 1.000
9 1.75 0.25 0.0020 1.000
10 2.00 0.25 0.0020 1.000

This table is especially informative when compared with the metric-specific rankings
above. Several configurations that remain competitive under isolated second-digit or
MAD criteria fail the global test once the first-digit and joint first-two-digit evidence is
incorporated. The practical implication is that marginal Benford conformity is materially
easier to obtain than joint conformity across digit rules.

The digit-specific summary tables and heatmaps show where this tightening occurs.
The summary tables[0] [7] and [§]rank configurations by mean chi-square; the heatmaps|3]
and |5l complement them by reporting the full surface of MAD values, cell-wise chi-square
annotations, and NPC significance markers.

For the first digit, the best configuration (£,v) = (1.00,0.25) has mean x* = 8.25,
median permutation p-value 0.4910, and MAD = 0.00239. The neighbouring symmetric
heavy-tailed cell (1.00,0.50) remains close, with a mean x? = 8.64 and median permuta-
tion p-value 0.4401. By contrast, already at (1.00,0.75) the median permutation p-value
drops to 0.0120, after which the surface deteriorates rapidly. The first-digit heatmap
therefore exhibits a small low-deviation basin centred at symmetry and very small v,
surrounded by a broad region of systematic rejection.

The second digit is markedly more permissive. The top three configurations are
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Table 6: Top 10 parameter combinations for first digit (ranked by Chi-Square). Param-

eters: ¢ (skewness), v (shape).
3 v x> pPerm  MAD
1.00 0.25 8.25 0.4910 0.00239
1.00 0.50 8.64 0.4401 0.00246
1.00 0.75 20.82  0.0120 0.00403
1.25 0.75 43.73  0.0020 0.00652
1.25 1.00 50.76  0.0020 0.00633
1.00 1.00 64.10 0.0020 0.00775
0.75 1.00 108.69 0.0020 0.01003
1.00 1.25 143.46 0.0020 0.01207
1.25 1.25 143.53 0.0020 0.01117
0.75 0.75 159.93 0.0020 0.01215

(1.00, 0.50), (1.00,0.25), and (1.00,0.75), with mean chi-square values 8.96, 9.13, and 9.13,
and median permutation p-values between 0.4940 and 0.5080. Moreover, configurations
such as (0.75,1.00) and (1.25,1.00) still remain statistically competitive. The second-digit
heatmap thus displays a wider conformity plateau around symmetry, indicating that this
digit rule is less sensitive to moderate perturbations in skewness and tail thickness than

the first-digit or joint rules.

Table 7: Top 10 parameter combinations for second digit (ranked by Chi-Square). Pa-

rameters: ¢ (skewness), v (shape).
13 v x> pPerm MAD
1.00 0.50 8.96 0.5080 0.00239
1.00 0.25 9.13 0.4940 0.00242
1.00 0.75 9.13  0.5030 0.00241
0.75 1.00 9.35 0.4661 0.00243
0.75 0.75 9.59 0.4501 0.00246
1.25 1.00 9.73 0.4471 0.00249
1.25 0.75 10.21 0.3932 0.00254
1.50 1.00 10.34 0.3613 0.00257
1.00 1.00 10.68 0.3623 0.00261
1.75 1.00 10.98 0.3313 0.00265

The joint rule is again restrictive, but not uniformly so. The best configuration
(1.00,0.25) attains mean x? = 89.10, median permutation p-value 0.5050, and MAD =
0.00079; (1.00,0.50) and (1.00, 0.75) remain acceptable or borderline with median permu-
tation p-values 0.4631 and 0.1507. Once the grid moves toward lighter tails or appreciable
asymmetry, however, the joint-digit p-values collapse to the permutation floor. Relative

to the first digit, the joint rule preserves a small buffer at v = 0.75, but it still rules out
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most of the parameter space once global evidence is aggregated.

Table 8: Top 10 parameter combinations for joint digit (ranked by Chi-Square). Param-

eters: £ (skewness), v (shape).
13 v 2 pPerm MAD
1.00 0.25 89.10  0.5050 0.00079
1.00 0.50 89.63  0.4631 0.00080
1.00 0.75 104.17 0.1507 0.00087
1.25 0.75 136.44 0.0020 0.00105
1.25 1.00 145.54 0.0020 0.00105
1.00 1.00 155.60 0.0020 0.00110
0.75 1.00 212.17 0.0020 0.00131
1.00 1.25 245.85 0.0020 0.00144
1.25 1.25 254.67 0.0020 0.00146
0.75 0.75 257.35 0.0020 0.00149

Taken together, the digit-specific surfaces yield a clear hierarchy. The second digit
offers the broadest near-Benford region, the first digit is materially stricter, and the joint
rule becomes highly selective once the model leaves the symmetric heavy-tailed corner.
The global NPC ranking should therefore be interpreted as the intersection of these three

marginal geometries rather than as a stand-alone black-box score.

7.3 Sign-split evidence under skewness

The sign-split results reveal how skewness acts through tail asymmetry rather than
through a uniform shift in conformity; this can be appreciated from Table [9f In the
symmetric cases, positive and negative subsamples behave similarly, of course. For ex-
ample, the top two global NPC configurations, (1.00,0.25) and (1.00,0.50), exhibit close
agreement, across combined, positive-only, and negative-only analyses. Once £ moves
away from 1, however, one tail can remain close to Benford while the other collapses.
This aligns with the literature connecting Benford’s law to rank-size laws.

This effect is stark in the extreme left-skew case (§,v) = (0.25,0.25): the combined
NPC median is at the permutation floor, the positive-only NPC median is also at the
floor, but the negative-only NPC median rises to 0.5100 with only 5.7% rejections.

The same pattern is visible in the aggregated chi-square/MAD comparison, Table .
The best combined configurations remain centered at (1.00,0.25) and (1.00,0.50), but
asymmetric cells can display sharp positive /negative divergence. For instance, (1.25,0.75)

has a combined average chi-square of 63.46, yet its positive and negative averages split into
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Table 9: Top 10 SGED parameter combinations ranked by global NPC p-value (com-
bined context). NPC combines first-digit, second-digit, and joint first-two-digit Benford
tests via Fisher’s method with dependence-preserving permutations. Higher p-values
indicate better compliance with Benford’s Law. Columns show NPC p-values (median
across repetitions) and rejection rates (proportion of repetitions with p < 0.05, shown
as percentages) for combined (all values), positive-only, and negative-only subsamples.

Parameters: £ (skewness), v (shape).
Rank ¢ v pNPC (Comb) pNPC (Pos) pNPC (Neg) Rej% (Comb) Rej% (Pos) Rej% (Neg)

1 1.00 0.25 0.4840 0.4850 0.4691 6.1 4.2 6.9

2 1.00 0.50 0.4601 0.5030 0.4870 7.2 5.8 6.0

3 1.00 0.75 0.0339 0.1527 0.1407 56.9 28.5 28.7

4 0.25 0.25 0.0020 0.0020 0.5100 100.0 100.0 5.7

5 0.25 0.50 0.0020 0.0020 0.4182 100.0 100.0 9.5

6 0.25 0.75 0.0020 0.0020 0.0978 100.0 100.0 35.0

7 0.25 1.00 0.0020 0.0020 0.0080 100.0 100.0 86.3

8§ 0.25 1.25 0.0020 0.0020 0.0020 100.0 100.0 99.5

9 0.25 1.50 0.0020 0.0020 0.0020 100.0 100.0 100.0
10 0.25 1.75 0.0020 0.0020 0.0020 100.0 100.0 100.0

40.75 and 107.72, respectively. Sign-specific ranking tables produced by the simulation
reinforce this mirror geometry: right-skewed configurations dominate the positive-only

top lists, whereas left-skewed configurations dominate the negative-only ones.

Table 10: Top 10 SGED parameter combinations ranked by chi-square statistic (combined
context, averaged across first-digit, second-digit, and joint digit tests). Lower x? and
MAD values indicate better compliance with Benford’s Law. Columns show mean x>
statistics and Mean Absolute Deviation (MAD) values across repetitions for combined
(all values), positive-only, and negative-only subsamples. Parameters: ¢ (skewness), v

(shape).

Rank ¢ v x* (Comb) x* (Pos) x* (Neg) MAD (Comb) MAD (Pos) MAD (Neg)
1 1.00 0.25 3549 35.48 35.64 0.00187 0.00261 0.00263
2 1.00 0.50 35.75 35.51 35.27 0.00188 0.00263 0.00260
3 1.00 0.75 44.71 40.35 40.10 0.00244 0.00307 0.00306
4 125 0.75 63.46 40.75 107.72 0.00337 0.00361 0.00615
5 1.25 1.00 68.68 53.27 87.24 0.00329 0.00460 0.00550
6 1.00 1.00 76.79 56.23 56.24 0.00382 0.00429 0.00430
7 075 1.00 110.07 172.95 52.23 0.00459 0.00804 0.00462
8§ 1.00 1.25 133.98 84.88 85.14 0.00545 0.00585 0.00587
9 125 1.25 136.94 73.14 134.28 0.00516 0.00577 0.00649
10 0.75 0.75 142.29 251.51 40.61 0.00537 0.00909 0.00373

These direction-specific differences are also visible in the sign-specific heatmaps. Fig-
ures [0 [7} and [§report the positive-only conformity surfaces. In these figures, the horizon-
tal axis reports v and the vertical axis reports £, whereas parameter pairs in the text are
written as (£, v). They confirm that right-skewed configurations can retain comparatively
good Benford compliance on the positive tail even when the pooled analysis deteriorates.

Figures 9} [10, and provide the complementary negative-only surfaces. Read to-
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gether with the positive-only figures, they make the mirror-image effect of skewness
transparent: left-skewed configurations improve conformity on the negative tail, whereas
right-skewed configurations improve conformity on the positive tail.

From the sign-split analysis, one understands that skewness should be interpreted as
a direction-specific perturbation of Benford behaviour. For asymmetric SGED models,
reporting only pooled diagnostics can obscure where the departure actually arises.

The 20 x 20 SGED experiment yields four main lessons for applied Benford analysis.

The global conformity region is not diffuse: only the symmetric and very heavy-
tailed configurations (1.00,0.25) and (1.00,0.50) remain clearly non-rejected under the
Fisher-NPC criterion. Moving from v = 0.50 to v = 0.75 at symmetry already reduces
the median global p-value from 0.4601 to 0.0339, indicating that Benford conformity
under SGED is a sharply localised property rather than a generic consequence of non-
Gaussianity.

The choice of digit rule materially affects the inferential picture. The second digit
admits a much broader near-Benford region than either the first digit or the joint first-
two-digit rule, so a researcher or a practitioner who relies only on second-digit evidence
can easily classify a configuration as approximately Benford even when the first digit or
the joint rule rejects decisively. Multi-rule reporting is therefore a minimum standard.

Skewness, moreover, operates through tail-specific distortions rather than a uniform
shift in conformity. The positive-only and negative-only tables show a mirror pattern:
under SGED’s constraints, right-skew improves the positive tail at the expense of the
negative tail, and vice versa. For auditing or forensic applications, sign-stratified Benford
diagnostics can be informative whenever the underlying mechanism is asymmetric.

Finally, the Fisher-NPC test is stricter than marginal rankings because it requires
simultaneous adequacy across three dependent digit rules. By preserving the joint de-
pendence structure through synchronised multinomial resampling, the global test avoids
the false comfort that can arise when one rule fits well and another fails. In practice,
marginal diagnostics should be treated as descriptive whereas the global NPC statistic

supplies the formal inferential decision.
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8 Final Remarks

The large-scale SGED experiment, covering a 20 x 20 grid in (£, v) with 1000 replications
per cell, yields a clear empirical message. Benford conformity is strongest in a narrow
symmetric and very heavy-tailed region, weakens rapidly as tails lighten and becomes tail-
specific as skewness increases. The second digit remains the most permissive marginal
diagnostic, whereas the first digit and the joint first-two-digit rule are materially more
selective. These results are obtained under a controlled Monte Carlo design with fixed
location and scale parameters and should not be interpreted as implying universal Benford
conformity for SGED processes in empirical applications.

From a methodological standpoint, the study demonstrates the value of coupling de-
scriptive and inferential diagnostics. Mean chi-square and MAD surfaces identify where
deviation grows, but the Fisher combination of synchronised digit-rule permutation p-
values provides the sharpest global statement. Only two configurations remain clearly
non-rejected under this global criterion, illustrating how demanding joint Benford con-
formity becomes once dependence across digit rules is respected.

The analysis emphasises that Benford conformity is inherently a multivariate property
and that a joint evaluation of first and second digits provides a more reliable assessment
than separate univariate diagnostics.

For practitioners, key lessons are that heavy tails by themselves do not guarantee
Benford conformity, and that near-symmetry is crucial and must be taken into account.
Pooled diagnostics can mask strong sign asymmetries, requiring a sharpened scrupulous-
ness in compliance evaluation. So any rigorous assessment should distinguish between

marginal conformity on individual digit rules and global conformity across all rules jointly.
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Shape Parameter (v)

Figure 3: First-Digit Combined Heatmap. Color scale represents Mean Absolute
Deviation (MAD) across the (£,v) grid. Each cell shows the x? statistic with NPC
significance asterisks below: (*) p < 0.05, (**) p < 0.01, (***) p < 0.001.
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Figure 4: Second-Digit Combined Heatmap. Color scale represents Mean Absolute
Deviation (MAD) across the (£,v) grid. Each cell shows the x? statistic with NPC
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significance asterisks below: (*) p < 0.05, (**) p < 0.01, (***) p < 0.001.
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Figure 5: Joint First-Two-Digit Combined Heatmap. Color scale represents Mean
Absolute Deviation (MAD) across the (&,v) grid. Each cell shows the x? statistic with
NPC significance asterisks below: (*) p < 0.05, (**) p < 0.01, (***) p < 0.001.

33

MAD



Skewness (€)

5.00

4.75

4.50

4.25

4.00

3.75

3.50

3.00

2.75

2.50

2.25

2.00

1.75

1.50

1.25

0.75

0.50

0.25

First Digit - Positive Only

8.10 9.52 16.01(30.11|50.07|72.39|97.20|123.06|151.30|177.92]209.64|238.32|267.14|297.56|325.76|353.01|379.81}409.59]|436.10|463.27|
*ok ok *k ok 5k *k *k *ok *k *k 5k >k *k *ok *k *k ok

8.00 9.62 16.48(30.41|49.77|72.34|96.76 |124.97|151.37]179.68]|210.29|240.33|268.67|297.83|326.02|352.28|382.88|412.41]438.57|465.35|
*ok *k ok ok >k *k * ok *k *k ok %k >k * ok * ok *k *k ok

8.25 9.47 | 16.6230.76|49.45|72.51 | 96.83 |123.80[152.74/181.30]|210.84|238.55|269.97|299.02|327.46|357.11|384.21|412.94]439.22|466.55|
ok ok ok ok 3k *k ok ok ok ok 3k 3k * ok ok ok ok ok

8.00 9.64 |16.85|30.83]|49.40|72.17|98.41 |123.12[153.68[182.50|210.30|240.58|269.69|299.86|328.59|358.63|388.29|416.27|442.92|473.38|
sk sk sk sk % ok sk sk ok sk sk EEY ok sk ok sk sk

8.18 9.46 | 16.65|30.58 |149.38|72.80|99.50|126.15|154.01[182.68]|212.27|241.70|272.68|300.27|331.13|361.74|390.06|418.74]|445.84|472.48|
*ok ok ok 3k *k *k *k *ok *ok ok 5k *k *k *ok *k *ok ok

8.05 9.41 |16.7929.73|50.14 | 72.63 | 98.24 |126.87|155.21]184.46|215.55|245.41)|274.39|303.46|333.36|363.04/390.46|420.69]|448.52|478.08|
*ok *k ok 3k *k *k *k *k *k *k 5k >k * ok *k *k *k ok

7.99 9.36 16.29[31.1250.07|73.35]99.03 |128.34|155.94]186.30(216.58]245.87|278.03|307.25|339.62|365.75|394.95|423.91|454.21)|480.61
ok ok ok ok 3k *k *k ok ok ok % >k * ok *k *k ok ok

7.95 9.18 16.10[30.71|49.51|73.60]99.96 |127.99|157.15|189.12|217.70|248.55|279.31|308.78|337.64|372.33]400.11|431.57|459.46|488.75|
ok ok ok ok EEY ok ok ok sk ok ok ErY ok *ok *ok *k *k

8.15 9.17 16.16 [30.72|50.41 | 73.60 |101.38/130.04|160.56[190.24]|220.80|253.27|283.50|314.42|346.49|377.37|407.85|435.23|464.70|493.04
ke sk sk sk ok ok sk ke sk sk sk ok ke ke ke sk sk

7.99 9.32 |16.65[30.90|50.26 | 74.78 |101.81)131.55|162.02|194.96|225.40]258.52|289.28|321.64|352.53|383.23|414.20[|447.25|475.27|503.62|
*ok *k ok ok >k *k *k *k *k *k 5k >k *k *k *k *k ok

8.11 9.42 16.2830.49|51.13|76.02|103.64/133.08|166.03]198.19]231.14|263.76|295.31|330.90|362.62|395.20]424.03|453.60|487.39|517.02
*ok *k ok ok 3k * ok * ok *k *k 3k %k 5k >k *k *k *k ok

8.18 9.24 16.36|31.01|51.55|77.25|106.34/135.79|170.03]204.95]|236.40|273.63|305.69|339.74|371.30]407.90|436.48|469.82]|499.27|532.04
ok ok ok ok % ok ok ok ok ok % % ok ok ok ok ok

8.04 9.48 16.0331.27|53.04|78.28 |109.50/142.91|177.05[211.53|248.64|283.13|321.41|355.59|389.55|423.97|458.93|492.07|522.48|553.96
ke sk sk sk sk ok ke ke sk sk sk sk ok ke sk sk sk

8.09 9.26 16.00[31.44|54.27]82.60|116.15/150.25|188.17]225.58]|262.88|303.28|342.33|379.64|417.06|452.42|487.59|520.09|551.55|586.20
*ok *ok *k 5k *k *k *k *k *k ok 5k >k *k *k *k *k ok

8.06 8.86 15.6831.95]|56.96|88.19 |123.82|164.91|205.26[248.87]|292.55|334.73|375.99|415.55|456.03|493.18|531.42|567.00|600.35|635.44
*ok *k ok ok %k *k * ok *k *k *k 3k >k ok *k *k *k ok

8.15 8.73 15.5733.12]61.20|100.33|143.19|192.77|240.41]292.97|338.66|386.68|435.18|482.08]525.41|564.25|602.77|642.75|675.25|708.74
ok ok ok 3k 3k *k ok ok ok ok 3k % >k ok ok ok ok

8.01 8.16 14.3736.15|75.58 |128.85|189.98|253.75[315.41|379.02]|434.17|493.69]|547.89|596.20642.10|685.80|724.92|761.73|797.23|824.55|
sk sk sk sk % ok sk sk sk sk sk EEY ok *ok *ok *k ok

316.45|197.26[230.89|301.36|379.18|452.10|520.70|583.61|640.84|696.57|743.50|784.79|823.43|860.61|893.08|919.98|941.66|965.36]
*k *k *ok *ok sk sk sk ok sk ke sk sk sk sk ok ke sk sk sk

584.742690.5¢1 786.1¢1324.61049.71898.99|835.89|816.57|826.03|844.58|872.00|896.52|916.32|942.10{963.06/981.331000.81016.97030.8.
ook ook ok ok ok ok ok ok ok ok ok ok ok >k >k *k *k *k ok

904.9(R197.84370.20069.63946.73|895.98|884.18|886.75|896.82[913.55|931.10[943.90]/959.64|976.56]990.64).006.21018.11
ETS *k ok 3k % >k *k *k *k ok 3k 3k >k *k *k ok 3k

v © b N v b} ® N v o bl Q 2 o > N v hal > N
N N " AN A N NS Q) Q R R a° s % % N - N N %

Shape Parameter (v)

(<

(11

.10~2

.1072

.1072

-10~2

-1072

.1072

.1072

Figure 6: First Digit Combined Heatmap - Positive Only. Color scale represents
Mean Absolute Deviation (MAD) across the (£, v) grid. Each cell shows the x? statistic

with NPC significance asterisks below: (*) p < 0.05, (**) p < 0.01, (***) p < 0.001.
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Figure 7: Second Digit Combined Heatmap - Positive Only. Color scale represents
Mean Absolute Deviation (MAD) across the (£, v) grid. Each cell shows the x? statistic
with NPC significance asterisks below: (*) p < 0.05, (**) p < 0.01, (***) p < 0.001.
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Figure 8: Joint First-Two Digit Combined Heatmap - Positive Only. Color scale
represents Mean Absolute Deviation (MAD) across the (§,v) grid. Each cell shows the
x* statistic with NPC significance asterisks below: (*) p < 0.05, (**) p < 0.01, (***)
p < 0.001.
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Figure 9: First Digit Combined Heatmap - Negative Only. Color scale represents
Mean Absolute Deviation (MAD) across the (£, v) grid. Each cell shows the x? statistic

with NPC significance asterisks below: (*) p < 0.05, (**) p < 0.01, (***) p < 0.001.
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Shape Parameter (v)

Figure 10: Second Digit Combined Heatmap - Negative Only. Color scale rep-
resents Mean Absolute Deviation (MAD) across the (£,v) grid. Each cell shows the
x* statistic with NPC significance asterisks below: (*) p < 0.05, (**) p < 0.01, (***)
p < 0.001.
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Figure 11: Joint First-Two Digit Combined Heatmap - Negative Only. Color
scale represents Mean Absolute Deviation (MAD) across the (£, v) grid. Each cell shows
the x? statistic with NPC significance asterisks below: (*) p < 0.05, (¥**) p < 0.01, (**¥)
p < 0.001.
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